We present a method that combines continuous and pulsed microwave radiation patterns to achieve robust interactions among hyperfine trapped ions placed in a magnetic field gradient. More specifically, our scheme displays continuous microwave drivings with modulated phases, phase flips, and π pulses. This leads to highfidelity entangling gates which are resilient against magnetic field fluctuations, changes on the microwave amplitudes, and crosstalk effects. Our protocol runs with arbitrary values of microwave power, which includes the technologically relevant case of low microwave intensities. We demonstrate the performance of our method with detailed numerical simulations that take into account the main sources of decoherence.
Introduction.-Quantum processors based on trapped ions are leading candidates to build reliable quantum simulators and computers [1] [2] [3] [4] [5] . In the near future, these could solve computational problems in a more efficient manner than classical devices by exploiting the quantum correlations among their atomic constituents. To this end, the systematic generation of single-qubit and two-qubit gates with high-fidelity is crucial. The latter has been achieved by using laser light that couples the internal (atomic) and external (vibrational) degrees of freedom of the ions leading to fast single-qubit, and two-qubit gates of a high fidelity [6] [7] [8] . Nevertheless, to scale laser-based quantum processors while maintaining high fidelities represents a hard technological challenge, since it requires the precise control of multiple laser sources.
An alternative approach to laser-driven systems was proposed by Mintert and Wunderlich [9] . This involves the use of microwave (MW) fields together with magnetic field gradients to create interactions among the internal states of the ions. Unlike lasers, the control of MW sources is comparatively easy, and their introduction in scalable trap designs is less demanding [10] . In addition, MW driven quantum gates do not use any optical transition. This avoids spontaneous emission of some atomic states that define the qubit, which is an unavoidable limiting factor for laser-driven quantum gates [11] . After the initial proposal in [9] , the use of MW schemes has been pursued in two distinct fashions, using either static magnetic field gradients [9, [12] [13] [14] , and oscillating fields [15] [16] [17] . In the former, a static magnetic field gradient is used to couple the atomic and vibrational degrees of freedom, while a MW in the far-field regime is used to modulate this interaction. In the latter, an oscillating MW in the near-field regime is used as the generator of the qubit-boson interaction. In addition, recently a method has been proposed to couple ionic internal and external degrees of freedom, that combines oscillating magnetic field gradients with MW fields on the far field regime [18, 19] .
Typically, ion qubits are encoded in hyperfine atomic states which are sensitive to magnetic field fluctuations. These represent the main source of decoherence, and have to be removed to achieve quantum information processing with high fidelity. To this end, pulsed and continuous dynamical de-coupling (DD) techniques have been introduced [20] [21] [22] [23] [24] [25] [26] [27] . In particular, the creation of dressed-states has been proved useful [28] [29] [30] [31] [32] and has led to the best reported gate fidelities (> 98%) with MW fields on the far-field regime [33] . On the other hand, the best near-field MW gates use a driving field on the carrier transition to dynamically decouple the qubits from fluctuations of the qubit frequency [34] .
In this Letter, we propose a method to generate two-qubit gates among trapped-ions that combines pulsed and continuous MW radiation patterns in the far-field regime. This leads to a scheme which is protected against magnetic fluctuations, errors on the delivered MW fields, and crosstalk effects caused by the use of long wavelength MW radiation. Our scheme is flexible since it runs with arbitrary values of the MW power. This includes the relevant case of low-power MW that minimises crosstalk. In particular, inspired by results in Refs. [35, 36] , our method involves phase-modulated drivings, phase flips, and refocusing π pulses leading to highfidelity entangling gates within current experimental limitations. We numerically test the performance of our gates in the presence of magnetic fluctuations of different intensities, deviations on the MW Rabi frequencies, as well as under motional heating. We demonstrate the achievement of fidelities largely exceeding 99% in realistic experimental scenarios, while values larger than 99.9% are reachable with small improvements.
The model.-We consider two 171 Yb + ions sitting next to each other in the longitudinal direction (ẑ) of a linear harmonic trap. We define a qubit using two states of the 2 S 1/2 hyperfine manifold. These are |g ≡ {F = 0, m F = 0}, and |e ≡ {F = 1, m F = 1}. Due to the Zeeman effect, the frequency of the jth qubit is ω j = ω 0 + γ e B(z 0 j )/2, where ω 0 = (2π) × 12.6 GHz, γ e = (2π) × 2.8 MHz/G, see [37] , and z 0 j is the equilibrium position of the ion. The presence of a constant magnetic field gradient ∂B/∂z = g B in theẑ direction, results in different values of ω j for each qubit, which allows individual control on each ion with MW fields [26, 38] . The Hamiltonian of the system can be written as
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where S z = σ z 1 + σ z 2 , a † (a) is the creation (annihilation) operator that correspond to the center-of-mass mode, ν is the trap
Mν is the Lamb-Dicke parameter that quantifies the strength of the qubit-boson interaction, and M is the mass of a single ion.
The method.-Single MW drivings, at detuning δ, can be applied to both ions. Then, Hamiltonian (1) in a rotating frame with respect to (w.r.t.) H 0 = ω 1 2 σ z 1 + ω 2 2 σ z 2 + νa † a reads H = ην(ae −iνt + a † e iνt )S z + Ω cos (δt)S x .
For the sake of clarity, we have omitted the presence of the breathing mode in Eqs. (1) and (2), as well as the crosstalk terms in Eq. (2) . However, these will be included in our numerical simulations to demonstrate that they have a negligible impact in our scheme. Furthermore, in the Supplemental Material in Ref. [39] one can find a complete description of the system Hamiltonian. Now, we move to a second rotating frame w.r.t. Ω cos (δt)S x (this is known as the bichromatic interaction picture [19, 40] ) and use the Jacobi-Anger expansion (e iz sin (θ) = +∞ n=−∞ J n (z) e inθ , and J n (z) being Bessel functions of the first kind) to obtain
Note we only keep terms up to the first order of the Jacobi-Anger expansion, since higher order terms would not lead to any significant contribution. If we choose δ = ν+ξ with ξ ν, and neglect all terms that rotate with ν by invoking the rotating wave approximation (RWA), we find the gate Hamiltonian
where we used J 1 (x) ≈ x/2 for small x. For evolution times t n = 2πn/ξ where n ∈ N, the time-evolution operator associated to Eq. (4) is
with θ n = 2πnη 2 ν 2 J 1 (2Ω/δ)/ξ 2 ≈ 2πnη 2 Ω 2 /ξ 2 [41] [42] [43] . By tuning the parameters such that θ n = π/8, the propagator U G evolves the initial (separable) state |g, g into the maximally entangled Bell state 1 √ 2 (|g, g + i|e, e ). In order to protect this gate scheme from magnetic field fluctuations of the kind 1 (t) 2 σ z 1 + 2 (t) 2 σ z 2 ( 1,2 (t) being stochastic functions) we introduce an additional MW driving that will remove them. We select a MW driving such that enters in Eq. (2) as a carrier term of the form Ω DD 2 S y leading to
In the bichromatic picture, Eq. (6) reads (note that in the following, we adopt the convention J 0,1 2Ω δ ≡ J 0,1 )
The new driving Ω DD 2 S y leads to the appearance of the second line in Eq. (7) . Here, the Ω DD 2 J 0 S y term is the responsible of removing magnetic field fluctuations, while 2J 1 sin (δt)S z interferes with the gate and has to be eliminated. This term can be neglected under a RWA only if Ω DD δ, thus, its presence limits the range of applicability of our method since larger values for Ω DD are desirable to better remove the effect of magnetic field fluctuations. To overcome this problem, we introduce in all MW drivings, i.e. those leading to the terms Ω cos (δt)S x and Ω DD 2 S y in Eq. (6), a time-dependent phase that will eliminate 2J 1 sin (δt)S z . This time-dependent phase is
The presence of φ(t) changes Hamiltonian (6) to (see [39] )
Now, in the bichromatic interaction picture, the previous Hamiltonian transforms as
whereΩ DD = J 0 Ω DD (1 + 2J 2 1 /J 2 0 ). Here we can see that, due to the action of φ(t), the interfering 2J 1 sin (δt)S z term is removed. Instead, in Eq. (11) we find the term Ω DD J 2 1 /J 0 cos (2δt)S y which has a small coupling constant (Ω DD J 2 1 /J 0 ) and that commutes with the gate Hamiltonian (4). In Fig. 1 (a) (left panel) we show the obtained Bell state fidelity without phase modulation, i.e. by using Hamiltonian (6) , for different values of a constant energy deviation in the qubit resonance frequencies. The blue dashed curve corresponds to the case Ω DD = 0, i.e. the scheme does not offer protection against , while the green solid curve incorporates the driving leading to the carrier Ω DD 2 S y . Fig. 1 (a) (right panel) shows the case with phase modulation in Eq. (9) that achieves larger fidelities.
Our method can be further improved since the first term in Eq. (11), i.e. ην(ae −iνt +H.c.)J 0 S z , leads to undesired accumulative effects that we can correct. The latter can be calculated in a rotating frame w.r.tΩ DD S y /2 and computing the secondorder Hamiltonian, which reads
where, gΩ [39] . Although small, the terms gΩ(2a † a+1)S y and g ν 2 (S 2 x +S 2 z ) spoil a superior gate performance. Hence, we will eliminate them by introducing refocusing techniques. In particular, to nearly remove the gΩ(2a † a + 1)S y term, we divide the evolution in two parts, and flip the phase of the carrier driving during the second part of the evolution. In this respect, a scheme of the control parameters can be seen in Fig. 2 . This phase flip causes a change in the sign of Ω DD , (i.e. Ω DD → −Ω DD ) which acts as a refocusing of unwanted shifts in S y . This strategy is also valid to minimise the errors due to constant shifts in Ω DD as it can be seen in Fig. 1(b) . Note that the phase flip of the carrier forces us to also change the change the sign of φ(t), since Eq. (8) should hold during the implementation of the gate. Performing a large number of phase flips (n PF ) will further suppress fluctuations on the carrier driving as we will see later.
A partial refocusing of the term g ν 2 (S 2 x + S 2 z ) in Eq. (12) is also possible by rotating one of the qubits in the middle and at the end of the gate via π pulses. In particular, if these π pulses are performed along the y axis, i.e., each π pulse equals exp (iπ/2σ y 1 ), the S 2 x and S 2 z operators change their sign simultaneously, while S 2 y remains unchanged. The combined action of phase flips and π pulses allows us to approximate Eq. (12) asH ≈ H G . Finally, it is noteworthy to mention that offresonant vibrational modes would contribute with accumulative factors similar to the last term in Eq. (12) . Then, these are refocused by our π pulses as we will show in our numerical simulations. For completeness in our analysis, in Fig. 1(c) we plot the Bell state fidelity with respect constant shifts in Ω(t).
Note that our scheme also shows robustness w.r.t. this kind of errors, since a shift in Ω(t) rotates with frequency δ which diminishes its effect.
Numerical results. driving fields, as well as in the presence of motional heating. Furthermore, our simulations include crosstalk terms, and an off-resonant motional mode (the initial state of both motional modes is a thermal state with an average number of phonons n = 1). The results are shown in Fig. 3 for two different parameter regimes. These are g B = 20.9 T/m, ν = (2π)×138 kHz and Ω = (2π) × 37 kHz on the left figure, and Blue squares indicate Bell state infidelities obtained with our method. Here, a total number of 31 phase flips were employed. Notice that, for Ω DD = 0 fidelities are below 99% even without fluctuating errors. We identify that this is due to the crosstalk of the MW driving fields at Rabi frequency Ω, since these induce frequency shifts in the off-resonant qubits.
If Ω DD 0, these energy shifts are cancelled and we find fidelities ranging from 99, 9% to 99, 99%. The parameters in the right panel are more favourable for several reasons: first, the Rabi frequency is smaller than for the left case and the magnetic field gradient is larger; both lower crosstalk effects. Second, a larger trap frequency lowers the effect of the offresonant mode. Finally, a smaller Ω/δ ratio is also preferable to avoid any effect of higher order Bessel functions. In this respect, note we always truncate the Jacobi-Anger expansion to the first order, see Eq. (11) . Black squares indicate the infidelities obtained without phase modulation. As expected, phase modulation is crucial to remove energy shifts induced by Ω DD . Other curves take into account the heating of the center-of-mass mode and fluctuating errors in the magnetic field and MW drivings. The effect of the former is introduced in our model with a dissipative term of the form ofṅ ≈ 300 ph/s [12, 33, 44] . For the right panel, we consider a more favourable scenario withṅ ≈ 200 ph/s. Magnetic and MW fluctuations are introduced via an Ornstein-Uhlenbeck (OU) stochastic process [45] . Each point in Fig. (3) corresponds to 100 realisations. The OU process is characterised by the correlation time τ and coherence time T 2 for the magnetic field fluctuations, while τ and the relative amplitude error δ Ω are used for the MW driving field fluctuations. For the driving fields, we choose a correlation time of τ = 500 µs and a relative amplitude error of δ Ω = 0.5% in the left panel, and a correlation time of τ = 1 ms and δ Ω = 0.25% in the right panel [46] . Different strengths for the magnetic field fluctuations are given by the red, green and purple squares, with parameters (τ, T 2 ) = (0.05, 0.5), (0.1, 1), and (0.2, 2) ms, respectively.
Our numerical simulations predict fidelities above 99% even for the worst case corresponding to (τ, T 2 ) = (0.05, 0.5) ms and with current heating rates (left panel). In a more optimistic experimental scenario with (τ, T 2 ) = (0.2, 2) ms, our protocol leads to fidelities larger than 99, 9% for distinct values of Ω DD (right panel). Furthermore, our method is also applicable to ion chains with several ions since other motional modes contribute with terms similar to the last one in Eq. (12) . Hence, the effect of these additional vibrational modes would be also removed by our protocol.
Conclusions.-We proposed a method for the generation of entangling gates that combines phase-modulated continuous MW drivings, with phase flips and refocusing π pulses, to produce entangling gates with high fidelity. Numerical simulations including the main sources of decoherence show that fidelities on maximally entangled Bell state preparation exceeding 99% are possible, within current experimental limitations, while fidelities larger than 99.9% are reachable with further experimental improvement.
